MOEBIUS- WALSH CORRELATION BOUNDS AND AN ESTIMATE OF 

MAUDUIT AND RIVAT 



J. BOURGAIN 

Abstract. We establish small correlation bounds for the Moebius function and 
the Walsh system, answering affirmatively a question posed by G. Kalai [Ka]. The 
argument is based on generalizing the approach of Mauduit and Rivat [M-R] in order 
to treat Walsh functions of 'large weight', while the 'small weight' case follows 
from recent work due to B. Green [Gr]. The conclusion is an estimate uniform over 
the full Walsh system. A similar result also holds for the LiouviUe function. 



§0. Introduction 

Fix a large integer A and restrict the Moebius function /i to the interval [1,2"^] fl 
Z = Q. Identifying Q with the Boolean cube {0,1}^ by binary expansion x = 
£o<;<A'^72-', the Walsh system {wa;^ C {0, . . . , A — 1}} is defined by w,^ = 1 and 

WAix) = Yl{'^-2xj)=e^^^^<^^'^. (0.1) 

The Walsh functions on ^ form an orthonormal basis (the character group of(Z/2Z)^) 
and given a function / on Q., we write 

/= £ f{A)wA (0.2) 

Ac{0,...,A-l} 

where /(A) = 2^'^Y.ne0.fi^)'^A{n) are the Fourier- Walsh coefficients of /. Under- 
standing the size and distribution of those coefficients is well-known to be important 
to various issues, in particular in complexity theory and computer science. Roughly 
speaking, aF — W spectrum which is 'spread out' indicates a high level of complex- 
ity for the function /. We do not elaborate on this theory here and refer the reader to 
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the extensive literature on the subject; see also the preprint of B. Green [Gr], which 
motivated this Note. 

Returning to the Moebius function and the so-called 'Moebius randomness law' it 
seems therefore reasonable to expect that jU |n will have aF — W spectrum that is not 
localized. More precisely, we establish the following uniform bound on its F — W 
coefficients, answering affirmatively a question posed by G. Kalai. 



Theorem 1. For X large enough, 



max 

AC{0,...,A-1} 



£ ^{n)wA{n)\<2^-^'''' (0.3) 



(a similar estimate is also valid for the Liouville function). 

The proof of (0.3) involves different arguments, depending on the size \A\. Roughly 
speaking, one distinguishes between the case \A\ = o(v^) and \A\ > VX. In the first 
case, B. Green already obtained an estimate of the type (0.3), see [Gr]. Part of the 
technique used in [Gr] is borrowed from Harman and Katai's work [H-K] on pre- 
scribing binary digits of the primes. Let us point out that in this range the problem 
of estimating the correlation of jU with a Walsh function is reduced to estimates on 
the usual Fourier spectrum of jU (by an expansion of wa in the trigonometric system). 
The latter is then achieved either by means of Dirichlet L-function theory (when 
the argument a is close to a rational ^ with sufficiently small denominator q) or 
by Vinogradov's estimate when q is large. At the other end of the spectrum, when 
A = {0, . . . , A }, Mauduit and Rivat proved that 

A(n)>i7i(„)|<2(i-^)^ (0.4) 

n<2^ 

for some £ > 0. 

Here A(n) stands for the Van Mangold function ([M-R]). Their motivation was the 
solution to a problem of Gelfond on the uniform distribution of the sum of the binary 
digits of the primes. Of course, their argument gives a similar bound for the Moebius 
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function as well. Thus 

E MW%...,A-i}W|<2(i-^^^ (0.5) 

n<2^ 

A remarkable feature of the [M-R] method is that the usual type-I, type-II sum ap- 
proach in the study of sums 

£A(n)/(n)or EmWW 

n<X n<X 

is applied directly to / = W{i ;l} without an initial conversion to additive characters 
(as done in [H-K] and [Gr]). The main idea in what follows is to generalize the 
Mauduit-Rivat argument in order to treat all Walshes wa provided A is not to small 
(the latter case being captured by [Gr]). 

Needless to say, the 2^'^'^'"-saving in (0.3) can surely be improved (this is an issue 
concerning the treatment of low-weight Walsh functions) and no effort has been made 
in this respect. We also observe that, assuming GRH, (0.3) may be improved to 

Theorem 2. Under GRH, assuming X large, we have 

£ Ai(n)wA(n) <2 ^ . (0.6) 



max 

AC{0,...,A-1} 



We will assume the reader familiar with the basic technique, going back to Vino- 
gradov, of type-I and type-II sums, to which sums Ln<xM (")/(") be reduced; 
see [I-K] or [M-R]. In fact, we will rely here on the same version as used in [M-R] 
(see [M-R], Lemma 1). Otherwise, besides referring to the work of B. Green for \A\ 
small, our presentation is basically selfcontained. In particular, all the required lem- 
mas pertaining to bounds on Fourier coefficients of Walsh functions are proven (they 
include estimates similar to those needed in [M-R] and also some additional ones) 
and are presented in §1 of the paper. 
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1. Estimates on Fourier coefficients of Walsh functions 



ForAc {0,...,A-l}andx = i:^x^-2-' e [l,2^]nZ 
where : M ^ {1, — 1} is the 1 -periodic function 



= Y\{\-2xj) = ri^^' = (2^1) 



h=\ ifO<x<i 
/j = -l ifi<jc<l 



For X e Z, 

^(^)= E withj^|fl,i<j 



It follows that 

Lemma 1. = L >^'a(^)^(^) 

From the second equality in (1.0), also 
and 

I WA (A:) I = n I cos TtkV-'^ I fl I ;rA:2^'-^ | 
;^A yeA 

Lemma 2. 

IIvva ||oo ^ 2"'^''*' /or iome constant c > 0. 

Proo/ Use (1.2). 

Taking some jq G ^ and assuming 
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it follows that either 



or 



and in either case 



2A-io-i 4 



cos;r- 



'2A-io-l 

The conclusion follows from (1.2). 



sin;r 



1 

7^' 



□ 



In addition to (1.1), we have the bound 



Lemma 3. 

£ \wA{k)\<2^^-'^^. (1.4) 

k<2>- 

for some constant c> 0. 



Proof. We have to estimate 



I n 

k€Z/2^Z KA 



Ui k 



(1.5) 



where m,- = 1 if / e A and m, = if « ^ A. 

Perform a shift k^k + c2^^^ + d2'^-'^ with c, d = 0, 1. 
This gives 

E n 

ke1/2^-^1 2<i<X 



Ui k 

cos Tt\— + 



2 2^- 



(*) 



6 
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■ c,d=0,l 



uq k c d 



c=0,l 



Uq k C 



+ 



ui k c 



Uq k C 



+ 



COSTT I — 



= i|(|cos<|)| + |sin0|). cos(^^+20) 
--^(|cos0 — sin0 1+ |sin0 +cos<^|) . sin ("^ +-^*^') 1 1 
wliere = :/r (^f + ^) . Clearly 



1 [ I cos 

(1.6)<-j(l + |sin2<|)|)2 ^.^(2(|)) +(l + |cos2<|)|) 



sin 



cos 



<\\l2 + \/2. 



< V2 + ^ 



Iterating, we obtain the bound 



and hence (1.4). 



Lemma 4. Let r < A, a = 0, 1 , . . . , 2^^ — 1. Then 



A/2 



A:=a(mo(i2'') 



Proo/ Writing A: = a + Tk\ with A:i < 2 



X-r 



\Mk)\= n 

j<A-r 

s n 

i<X—r 



Ui a k\ 

cos K \ —-\- — : + — : — 

2 2^-' 2^-'-'' 



)|nh-(f+^) 



k\ 

cosn\ — + —5 : 

2 2^-''-' 



+ 2- 



n 

i>X-r 
-X+i+r 
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For fixed ^i, denote 

B{ki)= U<X-r; 



cos — + —5 

2 2^-'- 



Hence, if / ^ B^^ 



Ui k\ 

cos Tt \ — + ■ 



2 

and if / e B]f_^ 

cos — + 



+ 2-^+'"+'< I 1 + 



1 



< 



1 



cos — + ■ 



2 2^- 



2 2^ 
Thus certainly 



+ 2-^+''+'< 



1 



1+2 



1 

7! 



, Ui ki 
2 2^-'' 



< 



Bc{0,l,...,X-r- 



i}VV2 



1 \ i: (A-r-O 

n 



(<A-r 



Mi ki 
COS I — + —5 

2 2^-'' 



n 



M;- kl 

Sinn I — + 



2 2^- 



(1.9) 



Given^C [0, A - r - 1 [, define 5i C [0,A-r-l[ as 

Bi = {Bn[ui = 0])U{B'n[ui = l]). 

Hence 



1 \ I i^-r-i) 



(1.10) 



Summation of (1.10) over ki <2^ ^ and using the bound (1.4) with X replaced by 
X — r clearly gives (1.7) □ 



Next, we also need the following 'approximation property' for shifts 



Lemma 5. Let Ac. [A — a, A] n Z. 
Then 

|wa(^)| <di°s^)'(2^)2-^ (1.11) 
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Moreover, there is a bounded function Wa on [0, A] fl Z satisfying \Wa\ < |>va| and 

(1.12) [2-^ |Wa(x)-wa(x)|2^ <2-^' 

V x<2^ ) 

(1.13) Wa(^)=0 if \k\>l''^' 

Here t ^'Lis a parameter satisfying C(IogA)^ < ? < |(A — a). 



Proof Writing = + 2^fci with < 1^ , \k\ \ < 2^~^~^ and setting again Ui = 1 if 
i e A, Ui = if / ^ A, we obtain 



\Mk)\^ n 

i<X—a 



COSK 



n 

A-c7<i<A 



2A-i 

= (1-14).|wa-A+ct(^)I 



COS ;r — + 



2 2^-' 



where 

A - A + C7 C [0, (7] n z. 
We treat (1. 14) as in the proof of Lemma 4, obtaining a bound 

/ 1 \ E (A-<7-r 

/ i \ isB 



1(1-14)1 < E 

BC{0,1,.,A-C7-1} 



From (1.1), certainly 

|w5(/ci)|<(CA)l^l 

and substitution of (1.17) in (1.16) implies by (1.15) 

1 \ I (A-CT-O 



|wa||i < ||>VA-A+al|l-l^ 



B 



V2 



Lemma 3 , 1 ^ l'lr.n5^2 
< (2*^)5"'^ CHIOS''') 



(1.14) 
(1.15) 



(1.16) 



(1.17) 



which is (1.11). 
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Next, let C(logA)^ < p < ^{X - a) and estimate 

1 \ I (A-<7-0 



E E H5 

ki imnB<A-C7-p 



|w5(^l)|<2-P/l 



If 



B G[X-a-p,X-G 
we establish a bound on wb(^i)- Write 

^1 



(1.18) 



(1.19) 



\wB{ki] 



n 

i<A— cr— p 



cos;r 



n 

A— (T— p<;<A— CT 



COS 71 [ — + : 

2 



with V/ = 0, 1 if B, i e 5. Hence, for 4^ < Jti < 2^"^-! 

^1 



i>vfi(^i)i< n 

P<7<A-C7 



cos;r 



2^' 



(1.20) 



for some c < 0, as we verify by dyadic expansion of ki . 
It follows that for 4P <Ki< 2^"^ 



E 

Ki<\h\<2^-'' U(l-19) 



E (A-cT-O 



\wBiki] 



< 



<c E E H| 

fi(I.I9)A:i<|^i|<2^-c^ vv^ 



1 \ E (A-C7-0 



\wB{ki 



(1.20) 



1 \ E (A-c7-() 

1 \ /(=R 



WS 1 



(1-17) /, in2 

Define Wa as Fourier restriction of wa- More specifically, let 



W^A(^)=£^](^)vVA(fc)^^ 



2^ 



(1.21) 



(1.22) 



where T] : IR -)■ [0, 1] is trapezoidal with r]{z) = l for |z| < Ki2^,ri{z) = for |z| > 
IKil"". Hence ||Wa||oo < 3 and WA{k) = WA{k) for < Ki2'',WA{k) = for \k\ > 
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From the preceding 



\\Wa-wa\\1< £ \WA-X-M\^ E (1-16)' 

(1.18), (1.21) ,,2 



(1.23) 

□ 



Taking K\ = 2'~^,p = Lemma 5 follows. 

The role of Wa is to provide a substitute for wa with localized Fourier transform 
Lemma 6. If J g[1,2^[ is an interval, there is a bound 



Proof. Write 

\Mk)\ = U 
with Ui = 0{ui = 1) if i {i eA). 
Assume 2™ ~ |7| < 2"^. Obviously 



J^|vvA(/:)|<|y|^- 



(1.24) 



cos 71 [ — + 



2 



\Mk)\< n 

X—m<i<X 



Ui k 

COSTT I h ■ 



2 2^- 



n 

0<ii<»t 



cos;r 



l+A— m 



+ 



ii 



where 



Ai={0< ii < m; ii eA + m — X}. 
Hence, since is 2"*-periodic 

E|wA(^)|<L|wA,(fc)|< I>^Ai(^)|<||waJ|i<2"'(^--) 



keJ 

by Lemma 3. 



k€J 



k<2'" 



□ 



2. Type-II sums 

Let X = 2^, S C {0, . . . , A - 1 }, W5(-^) = Hiesll " 2.^0 with x = Lx,-2'. 
Specify ranges M r^2^,N r^2^ such that Af < and M.A^ Z. 
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Our goal is to bound bilinear sums of the form y)w~M cXm^nWs(m.n), where 
\0Cm\i\Pn\ < 1 are arbitrary coefficients. 

We fix a relatively small dyadic integer L = lP (to be specified). We assume 
p < noting that otherwise our final estimate (2.29) is trivial. 

Following [M-R], we proceed with the initial reduction of the problem, crucial to 
our analysis. 

Estimate 



^ OCmPnWsim.n) 



P„w{m.n) 



(2.1) 



Fix K, such that L2^ < N and write using Cauchy's inequality 



Pnw{m.n) 



£i8„+,2^w(m(n + ^2^)) 



^nw{m.n) 



~ L 



.W<L 



Hence, by another application of Cauchy's inequality, we obtain 



(2.1)^ 



< 



M.N 



\1\<L 



Y ws{m.n) ws{tn(n + £2^)^ 



(2.2) 



Comparing the binary expansions of mn and mn + im2^, the K first digits remain 
and we can assume that also digits j>K + ii+p+ep are unchanged provided in 
(2.2) we introduce an additional error term of the order 2^^PM^N^ (cf. Lemma 5 in 
[M-R]). Here e > remains to be specified and we assume ep G Z+. 

Therefore we may write, up to above error 



with 



ws(tnn)ws{tn(n + £2^)^ '=' wsi(tnn)wsi{tn(n + £2^)^ 
S' = Sn[K,K + ii+p'] andp' = (l + e)p 
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and in (2.2) we may replace w = by wy. 

We will either choose K = or fi—p <K<X— [i— p. Hence, by varying K, the 
intervals [K,K+ ji + p] will cover [0, A [. 

For ^ 7^ 0, we approximate ws' by given by Lemma 5, applied with X replaced 
hy K + n + p' and (7 by /i + p'. 

Take t — ep where p is certainly assumed to satisfy 



JL 
100 



> p > (logA)2. 



Thus from (1.12) 

Y,\wsix)-Wsix)\^<2-''X. 

x<X 

From the preceding (since Ws' is bounded) 



(2.2) < ^ I 



\i\<L 



£ Ws/(m.n)W5/(m(n + £2^)) 



-\-X ^ 1^5/ (mn) — W5'(m.n) 



where 



(2.4) <Z( \ws'ix)-Wsix) 

<x<X 



I dixf 

<x€X 



c£v2 



For K = Q, 



/fe<2/^+P' ^ ^ 



where, from Lemma 2 and Lemma 3 applied with A replaced by jU + p' 

-c\S'\ 



and 



||c« < 2 



(2.3) 

(2.4) 



(2.5) 

(2.6) 
(2.7) 
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for e small enough. 
FotK^O, 

Wsix)^ £ Wsik)e(-^) (2.8) 

\k\<7M+P'+' ^ ^ 

where 

||Wy||oo< ||w5'|l°o<2~''^'' (2-9) 
and by ( 1 . 1 1) and our choice of p 

<2(2-^)(M+P). (2.10) 

Denoting by w either when ^ = or forjU+p <K<X — il—p, substitution 
of (2.5), (2.8) and applying a smoothened m-summation gives for (2.3), with Mi = 

^ £ £|w(^)||w(^0|lr„ .'(n..2.)„<n (2-11) 

\e\<L k,kf L" 2H+P'+K 2M+P'+«^" '^iJ 



up to a negligible error term. 
The condition 



{k-k')n k'e 



< — (2.12) 



■1— I I |w(fc)plr (2.13) 

^ \e\<T. \,.\^^„+ni+t L",M+P'" '^^iJ 



2M+P'+^ 2M+P' 

has to be analyzed. 

For k = k' the contribution is 

"i i;fei<2r+p'+'' ' ' ' Lii^ii^Mi 

The ^ = contribution in (2.2) is at most 
For £ 7^ 0, we get a bound 

^2+ei^22P'+f II -||2 ^ ^2^2^2| -||2 ^ ^2^22-c\S'\ ^2.U) 

from (2.6), (2.9) and choosing ei > small enough to ensure e\X < ep. 
In the sequel, we assume k ^ k' , i ^ 0. 
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Also, if in (2.11) for given k^k! there are at most 0(1) values of n satisfying 
(2.12), the resulting contribution is at most 



NfN\\w\\\ < M^NIMLV-^^ <X^LN- 

(2.7) 
(2.10) 

since M <N. 
Returning to (2. 11), consider first the case ^ = 0. 
We estimate the contribution for 

{k-k',2^'+P') = 2'. 

Thus A: -A:' = kil'', {ki,2) = 1 and (2.12) becomes 



(2.15) 



kin 



k'e 



< 



Ml 



implying also 



< 



(2.16) 



(2.17) 



It follows from (2.17) that there are at most L^+^^ possibilities for k/ (mod 2'') and 
hence for {k,k/) (mod 2''). 

For fixed k,k',e, (2.16) determines n {modl^'+P'-'') up to 1 +L^+^£2-'' possibiU- 
ties and hence n up to ^(1 + L^+^^2~'') possibilities. 

Thus the corresponding contribution to (2. 1 1) is at most 



M'N ^ ,^1+2.^(1 +Li+2^2-)max |w(^)| \w{k')\ 



<MN^{L + 2'')L^''max 



k=a{mod 2'') 
A;'=a(mod2'') 



■ k<2^'+P 
A:=a(mod 2'' 



(2.18) 
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From Lemma 4 applied with A replaced by jU + p' 

{2.1%) <MN^{L + 2'){2^'+P'-'-f-''L^^ 



(2.19) 



Hence, assuming 

ML2-'' > (2.20) 

we obtain the bound 

L ' 

Next, assume 

ML2 ' < L^. (2.21) 
From the preceding, there are at most L}^^'^ {ML2~'')^ < Lp possibilities for {k,k'). 
This gives the contribution 

M^N'^L^\\w\\i < L^xh-^\^'\ 

and in conclusion {K = 0) the bound 

X\l-^+L^2-'\^'\). (2.22) 

Next, assume 

K>ii-p. (2.23) 

Return to (2. 11). Fix £, k, k' with |^ — A:' | ~ M < Ml?. Letting n range over an interval 
of size , the number of possibilities for n in that interval is at most 

Assume 

The number of n's satisfying (2.12) is at most (since L2^ > M > ^ by (2.23)) 

NM: ( ^ Li+2e2^\ N . 

1 + < —X- 



ML2^ V Ak J M 
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This gives the contribution in (2. 1 1) 



(2.10) 



Next, assume 



ML2 



K 



Ak 



From (2. 12), for £, k, k' given, there are at most 

2^l3 2^l3 
IH ~ 



values of n. 
Also 



k'l 



2M+P' 



1 A)t.A^ 



Ml M.lP'.l'^' 



Since < there is some integer £i, |£i| < s.t. 



k'i 



2i"+P' 



1 A/t.A^ 

< — + 



hence 



k'-iv 



211+p' 



Ml M.lP'.l^ 
^ 1 , 2e A/:.A^ 



2^ 



(2 



This restricts k' to at most I? intervals of size L^+^^ + 

Using Lemma 6, we obtain the following bound for the contribution to (2.1 1) 



M^N.L^ ( + 



Ak 



Ak.N 

IF 

Ak.N^ ~' 



< 

Ak ~ 



If we assume 



2^ 
N.Ak 



N.Ak 



(2 



2K 



(2.25) gives the bound 



MOEBIUS-WALSH CORRELATION BOUNDS AND AN ESTIMATE OF MAUDUIT AND RIVAT 17 

Assume next 

N.M 

From the preceding, k' is restricted to if values and the corresponding contribution 
to (2. 1 1) is bounded by 

M^A^^L^IIwlli < z2l^2-'^I^'I. (2.27) 



Collecting previous bounds gives 



(2.11) \^+L^M-' + L^2-'\^'\j (2.28) 
and recalling (2.3), (2.4) 

(2.1) Kxi^L-'^+L^M-' + L^l-'^^'^^ . (2.29) 

In the estimate (2.29), S' depends on the choice of K. 

Recall that either K = Ooxii — p<K<X— ^— p and hence, varying K, the 
intervals [K^K + ix + p] will cover [0, A — 1]. Thus we may choose K as to ensure 
that 

>max|5n/| > (2.30) 

A 

with max taken over intervals / C [0, A — 1] of size jU, in particular (2.29) implies 

(2.1) <Z(L-^'^+l2m-^'+L^2~^xI^I) (2.31) 
where L is a parameter. 

1 1/2 

For \S\ < with » 1 a parameter, we apply B. Green's estimate (see [Gr]) 



ws{x)\l{x) 



< Xe-'". (2.32) 



1 

Thus we assume \S\ > ^. Taking L = 2^, it follows from (2.29), (2.31) that 

(2.1)<Z.2-^^^ (2.33) 



assuming either that 



M > 2^""^'^" 



(2.34) 
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M>C" and \S'\ > CH {S' satisfying (2.30)) . 



(2.35) 



3. Type-I sums and conclusion 

We use Lemma 1 from [M-R] but treat also some of the type-I sums as type-II 
sums. Indeed, according to (2.33), (2.34), only the range M < C^^^^^^ remains to be 
treated. 

Thus we need to bound 



E 



(3.1) 



^ wsimn) 

where M.N ^X = 2^,M< C"^^'^\ We assume \S\ > 

Expanding in Fourier and using a suitable moUifier in the n-summation, we obtain 



(3.1) < £ l,\ws{k)\ 

m-^M k<X 



2^ 



<A^ £ |vvs(fc)|lr||,.,, A21 +o{l) 



k<X 



<NM^X^\\ws\U 



(3.2) 

(3.2') 
(3.3) 



Taking H < A^/^*^, (3.3) is certainly conclusive if M < C^. Hence recalling (2.35), 
we can assume that 

ju >//and max|5n7| <Ci/ (3.4) 

for any interval / C {0, . . . , A — 1} of size /i, where M ~ 2^. 

Assumption (3.4) will provide further information on ws that will be useful in 
exploiting (3.2). 

Write 

S = SiUS2 

where 5i = 5 n [0, A - 2fi] and ^2 = 5 n [A - 2jU, A] . Hence by (3.4), 

\S2\ < CH. 



MOEBIUS-WALSH CORRELATION BOUNDS AND AN ESTIMATE OF MAUDUIT AND RIVAT 19 

Thus 

(1.0) 



where the set £^2 may be taken of size 

(obtained by truncation of the Fourier expansion of h). 
On the other hand 



and hence 



A;i<2^-2/' 

The bound (3.2) becomes now 

^ E \ws, {k\ ) I |w5, (A:2) I 1 p 1 1 J I ^ ;,2 



/tl<2^-2M 
^2 £.2^ 



iV J 



22M;(:i+/:2 



2^ 



-m 



< 



Clearly 



2^-2^ 



< 



2A^ 



£ |^1<2^-2M; 



£ <2^-2M.;^^^ = 0(mod2^-2M)| <^jv^ 



2 1/2 

and therefore, since pi] > and (3.6) 



(3.8) < ^C^h-'^''^^ 'nM 



(3.5) 



(3.6) 



(3.8) 
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From (2.33) and (3.9), we can claim a unifomi bound 



x<X 



<X.2 



(3.9) 



(3.10) 



hence obtaining Theorem 1. 



Under GRH, (3.10) can be improved of course. 

First, from a result due to Baker and Harman [B-H], there is a uniform bound 



J^ju(n)e(n0) 



Hence 



£ ^in)wsin) 

n<X 



<\\ws\\iX'^+'' <ilogXf\x'^+'' 



and we may assume 



\S\ >c 



logX 



loglogX 

If (3.13), apply the type-I-II analysis above. 
From (2.31), assuming 

and choosing L appropriately, we obtain 

_^ logX 



(2.1) <Z. 2 "(logiogx)^. 

If M fails (3.14) the type-I bound (3.2') gives 

(3.1) <Z.M||w5||oo 



(1-3) r, ' / '°g^ 



for appropriate choice of ci in (3.14). 



(3.11) 

(3.12) 
(3.13) 



(3.14) 



(3.15) 



(3.16) 
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In either case 

£ ll{n)ws{n) 

n<X 

which is Theorem 2. 
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